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Abstract. It is shown that if A is a regular local ring and / is a maximally differential 
ideal in A, then / is generated by an A-sequence. 
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1. Introduction 

Let (A,m) be a Noetherian local ring and let / be an ideal in A. Assume that / is maxi- 
mally differential under a set of derivations of A. Then A/ 1 contains a field k. If k is of 
characteristic p > then the structure of A/ 1 is given by Harper's theorem |4| (see |7| for 
a proof). 

Assume now that A/I contains a field of characteristic zero. Then so does A and by 
Lemma 1.3 of [6 1, / is a prime ideal. If A is a G-ring (see p. 256 of |9| for definition) 
then, by Q, A/ 1 is regular. However, in general, A/ 1 is not regular (see |6|, |3| or |8| 
for counter-examples). One notes that in all these counter-examples, the ring itself was 
nonregular. 

Therefore one may ask the following question: If A is regular then what are the prop- 
erties of A I II In particular, is A/ 1 regular? It is trivial to prove that A/I is regular if 
dim(A) < 1 (note that / is a prime ideal). If dim(A) > 2, the problem appears to be hard 
and we have not been able to solve it even for dim(A) = 2. However, what we show in this 
note is that if A is regular then / is generated by an A-regular sequence. Therefore A /I is, 
in fact, a complete intersection. 

We prove this result without any condition on the characteristic of the ring. Moreover, 
/ may either be maximally differential under a set of derivations or a set of higher deriva- 
tions, i.e, Hasse-Schmidt derivations. 

We also extend our result (Theorem 4 of 1 7 1) about the structure of a maximally differ- 
ential ideal in positive characteristic to unequal characteristic case. 

2. Results 

By a ring we mean a commutative ring with unity. 
Let A be a ring. We first recall a few definitions. 

A derivation of A is an additive endomorphism d of A such that for all a,b€A, d(ab) = 
ad(b) + bd(a). 
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A higher derivation or a Hasse-Schmidt derivation D of A is a sequence (Do,D\, 
D2, ■ ■ ■ ) of additive endomorphisms D„'s of A such that Do is the identity of A and for all 
n > and a, be A, D„(ab) = ^i+j=„Di{a)Dj(b). 

Let d be a derivation of A. An ideal / of A is said to be (/-differential if d(I) C /. 
Similarly if D — (Dq , D\ , D2 , ■ ■ . ) is a higher derivation of A then an ideal / of A is said to 
be D-differential if D n {I) C / for all n > 0. 

Let D be a set of derivations (or a set of higher derivations) of A. An ideal / of A is 
said to be £)-differential if / is ^-differential for all D G T>. An ideal / of A is called a 
maximally ©-differential ideal if it is a proper ©-differential ideal and for every ideal J 
of A with / C J C A, J is not S-differential. 

If A is local and D is a set of derivations (or a set of higher derivations) of A, then A has 
a unique maximally D -differential ideal /, and / contains all proper ©-differential ideals 
ofA. 

An ideal / of A is called a maximally differential ideal if it is maximally D -differential 
for a set D of derivations or of higher derivations. 

The ring A is called a differentially simple ring if the ideal (0) is maximally differential 
in A. 

For a ring A and an A-module M, let I a (M) denote the length of M over A. 
We start by proving the following result: 

Lemma 1. Let (A,m) be a Noetherian local ring and let {x\ 1 X2 1 ■ ■ ■ ,X n } be a set of gener- 
ators ofm. For integers fci,... ,k n > 1, Ia(A/(x-i ,x 2 2 , ■ ■ ■ ,^")) ^ &i ■ ■ 

Proof. The proof is straightforward and perhaps it is available somewhere. Unfortunately, 
we do not have a reference and therefore we provide here a proof. 

Note that the length of A/ (x\ l ,x^ , . . . ,x%') is finite as its support is {m}. 

We prove the result by induction on m = k\ +k 2 H hk„. If m = n, then each k[ equals 

1 and the result is obvious. Now suppose that m > n. Without loss of generality, we may 
assume that k\ > 2. We then have the following exact sequence of A-modules 

A <j> > A A Q 

( ki k fl \ / k\ 1(2 k n \ 1 k\ — 1 ko k n \ 

\Xi,X2 , ■ ■ ■ ,Xn ) \X^ , ■ ■ ■ )Xfi ) [X^ 7 Xj , ■ ■ ■ 1 X n J 

where 0(1 + (xi,^, ■ ■ ■ ,xfy)) — x^ 1 + (x^ 1 ,x^ , ■ ■ ■ ,x^ n ) and n is the natural surjection. 
Hence 

^a(A/(xj' ,x 2 2 , . . . ,-£„")) 

< l A (A/(x k r\x k i , . . . ,4")) +t A {A/(x x ,x k i , . . . ,4")) 

< (^1 - I)k2...k„+k2 . ..k n = k\k%...k n . 

The following result is an extension of our result (Theorem 4 of 1 7 1) in the sense that 
here we do not assume that the ring contains a field and hence is valid even for local rings 
with unequal characteristics. 

Theorem 2. Let (A, m) be a Noetherian local ring and J) be a set of derivations of A. Let 
I be a maximally differential ideal in A. Let n = emdim(A) and r = emdim(A//). If A/I 
is of characteristic p > 0, then there exists a minimal set {xi.X2, . . . ,x n } of generators of 
m such that I = (x^, . . . ,Xr ,x r+ \ ,.. . ,x„). 
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Proof. For d G 53, let d' denote the derivation induced by d on A/7 and let 53' = {d'\d 6 
53}. Then A/7 is differentially simple under 53'. 

If a £ m, then the ideal (a p ) is 53-differential. Therefore we have aP G 7. 

Choose a minimal set of generators jq , . . . ,x„ of m such that x r+ \ ,...,x n € / and xi + 
I,...,x r +I form a minimal set of generators of m/I. By Harper's theorem (|4| or Corol- 
lary 3 of 1 7 1), A/ 1 contains a coefficient field k and the ^-algebra map 

0: k[y u ...,y r ] — >A/I, 

defined by <j>(yi) =xi+I (where y i, . . . ,y r are indeterminates) for i = l,...,r; is onto with 
kernel (yf , . . . ,yf ). Therefore 4 (A/7) = 4//(A/7) = p r . 

On the other hand, 7 = (x^, . . . ,Xr , x r + i , . . . , x n ) C 7 and therefore // = 4 (A/7) < 
£a(A/J) < p r , where the last inequality follows by Lemma[2 

Hence 7 = 7= (acf , . . . ,x?,x r+1 , . . . ,x„). 

Remark 3. In view of the above result we see that if (A,m) is a regular local ring of 
dimension n, I is an ideal of A which is maximally differential under a set of derivations of 
A and A/7 is of characteristic p > 0. Then 7 = . . . ,xf,x r +i, ... ,x n ), for some regular 
set xi, ■ ■ ■ ,x„ of parameters of A and therefore dim(A/7) = 0, and hence in general, A is 
not regular. Therefore the question regarding the regularity of A/7 needs to be answered 
only when 

(1) A contains a field of characteristic zero and 7 is maximally differential under a set of 
derivations or 

(2) 7 is maximally differential under a set of higher derivations. 

Also note that the first case is included in the second case. 
We recall the following result from 1101 : 

Theorem 4 (see Theorem 1.4 of 1 10 1). Let A be a Noetherian local ring and let I be a 
proper ideal of A. Suppose that I is maximally S -differential for a set 5) of higher deriva- 
tions of A. Then A is normally flat along 7, that is, for all n > 0, 7"/7 n+ 1 is free as an 
Aj I -module. 

We now prove our main result: 

Theorem 5. Let A be a regular local ring and let £) be either a set of derivations of A or 
a set of higher derivations of A. Let I be the maximally Id -differential ideal in A. Then I 
is generated by a regular sequence and hence A/ 1 is a complete intersection. 

Proof. We need to show that 7 is generated by an A-sequence. As A is regular, by 
Auslander-Buchsbaum-Serre theorem (Theorem 2.2.7 of 0), A/7 has a finite projective 
dimension over A. Therefore, if we show that 7/7 2 is free as an A/7-module, then by 
Ferrand-Vasconcelos theorem (Theorem 2.2.8 of 1 2 1), it follows that 7 is generated by an 
A-sequence. 

First suppose that J) is a set of higher derivations of A. By Theorem^] 7/7 2 is free as 
an A/7-module. Therefore in this case we are through. 

Now suppose that 5) is a set of derivations of A. For d £2, let d' denote the derivation 
induced by d on A/7 and let D' = {d'\d € S3}. Then A/7 is differentially simple under 
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the set Let k= {a eA/I\d(a) = for all d e D'}. By differential simplicity of A/I, it 
follows that k is a field. 

If A/ 1 contains a field of characteristic zero then so does A and hence / is, in fact, 
maximally differential under the set 

{(l,d,d 2 /2l 1 ... 1 d n /nl,...)\deD} 

of higher derivations of A. Therefore, this case is included in the previous case. 

Now assume that A/ I is of prime characteristic p > 0. The proof that / is gener- 
ated by an A-sequence follows directly from Theorem |2] By Theorem |2] there exists 
a minimal set of generators x\,...,x n of m such that / = (;q , . . . ,Xr ,x r +i, ■ ■ ■ ,x„), 
where n — emdim(A) = dim(A), r = emdim(A//). As A is regular, xi,...,x„ forms an 
A-sequence, and therefore / is generated by an A-sequence. 

That is, A/ 1 is a complete intersection. 

Remark 6. If A is not regular then A/ 1 need not be a complete intersection or even Cohen- 
Macaulay, as is clear from the example constructed in fTl . 

References 

[1] Brumatti P, de Souza Doering A M and Lequain Y, Differential simplicity, Cohen- 
Macaulayness and formal prime divisors, J. Pure Appl. Algebra 84 (1993) 1-11 

[2] Bruns W and Herzog J, Cohen Macaulay rings (1998) (Cambridge: Cambridge Univer- 
sity Press) 

[3] Goodearl K R and Leganan T H, Constructing bad Noetherian domains using deriva- 
tions, /. Algebra 123 (1989) 478^195 
[4] Harper L, On differentially simple algebras, Trans. Am. Math. Soc. 100 (1961) 63-72 
[5] Hart R, Derivations on commutative rings, J. London Math. Soc. 8(2) (1974) 171-175 
[6] Lequain Y, Differential simplicity and complete integral closure, Pacific J. Math. 36(3) 
(1971) 741-751 

[7] Maloo A K, Generators for a maximally differential ideal in positive characteristic, 

Nagoya Math. J. 132 (1993) 37^11 
[8] Maloo A K, Differential simplicity and the module of derivations. J. Pure Appl. Algebra 

115 (1997) 81-85 

[9] Matsumura H, Commutative ring theory (1986) (Cambridge: Cambridge University 
Press) 

[10] Singh B, Higher derivations, normal flatness and analytic products, /. Algebra 95 (1985) 
236-244 



